Abstract. In this short survey article, we try to list maximum number of known results on class preserving automorphisms of finite p-groups.
Introduction
Let us start with a finite group G. For x ∈ G, x G denotes the conjugacy class of x in G. By Aut(G) we denote the group of all automorphisms of G. An automorphism α of G is called class preserving if α(x) ∈ x G for all x ∈ G. The set of all class preserving automorphisms of G, denoted by Aut c (G), is a normal subgroup of Aut(G). Notice that Inn(G), the group of all inner automorphisms of G, is a normal subgroup of Aut c (G). The group of all class preserving outer automorphisms of G, i.e., Aut c (G)/ Inn(G) is denoted by Out c (G).
The story begins with the following question of W. Burnside [2, Note B]: Does there exist any finite group G such that G has a non-inner class preserving automorphism? In 1913, Burnside [3] himself gave an affirmative answer to this question. He constructed a group G of order p 6 isomorphic to the group W consisting of all 3 × 3 matrices M =   1 0 0 x 1 0 z y 1   with x, y, z in the field F p 2 of p 2 elements, where p is an odd prime. For this group G, Out c (G) = 1. He also proved that Aut c (G) is an elementary abelian p-group of order p 8 . In 1947, G. E. Wall [30] constructed examples of arbitrary finite groups G such that Out c (G) = 1. Interestingly his examples contain 2-group having class preserving outer automorphisms. The smallest of these groups is a group of order 32. The members of the class of groups, constructed by Wall, appear as a semidirect product of a cyclic group by an abelian group.
At that stage we had examples of arbitrary finite groups having class preserving outer automorphims. But, unfortunately, this problem was not taken up (upto my knowledge) for next 20 years. However in this span of time many results were proved on automorphisms of finite groups, and more precisely on automorphisms of finite p-groups. But all of these results were centered around finding a non-inner p-automorphism (an automorphism having order a power of a prime p) of finite p-groups with order at least p 2 . This was finally achieved by W. Gaschutz in 1966 [14] by using cohomology of finite groups.
In 1968, C. H. Sah [25] first time studied some properties of Aut c (G) for an arbitrary group G. He used the concepts of c-closed and strongly c-closed subgroups (cf. [25, pg 48] for definition), along with cohomological techniques to explore many nice basic properties of Aut c (G) and Out c (G) for a given finite group G. We record a few of his results in Section 4. After this, in 1980, H. Heineken [9] , on the way to produce examples of finite groups in which all normal subgroups are characteristic, constructed finite p-groups G with Aut(G) = Aut c (G). In particular, Out c (G) = 1 for all of these group G. His groups are p-groups of nilpotency class 2. These groups also satisfy the property that xγ 2 (G) = x G for all x ∈ G − γ 2 (G). Continuing in this direction, I. Malinowska [19] , in 1992, constructed finite pgroups G of nilpotency class 3 and order p 6 such that Aut(G) = Aut c (G). In the same paper, she also constructed p-groups G of nilpotency class r, for any prime p > 5 and any integer r > 2 such that Out c (G) = 1. In 1988, W. Feit and G. M. Seitz [6, Section C] proved that Out c (G) = 1 for all finite simple groups G.
Motivation for studying class preserving automorphisms of finite groups also arises from other branches of mathematics. T. Ono and H. Wada proved that Out c (G) = 1 for the cases when G is a free group, SL n (D), GL n (D) (where D is an Euclidean domain), S n and A n (the symmetric and alternating groups on n symbols) in [23, 24, 28, 29] . Their motivation for studying these things arose from "Hasse principle" for smooth curves on number field. They associated a Shafarevich-Tate set to the given curve. The curve is said to enjoy "Hasse principle" if the corresponding Shafarevich-Tate set is trivial. If the group G, involved in defining Shafarevich-Tate set, is finite then this set enjoys the group structure, which is isomorphic to Out c (G). Interested reader can find all the details in [21, 22] .
The other motivation comes from integral groups rings. Interested reader can refer [12] . A. Hermann and Y. Li [10] and M. Hertweck and E. Jespers [13] proved that Out c (G) = 1 for all Blackburn group. These groups were classified by N. Blackburn and satisfy the property that the intersection of all its non-normal subgroups is non-trivial. M. Hertweck [11] constructed a class of Frobenius group G such that Out c (G) = 1. He also proved that Out c (G) = 1 for all finite metabelian A-groups and for all A-groups having all Sylow subgroups elementary abelian. By an A-group, we here mean a solvable group with abelian Sylow subgroups.
Other interesting examples of finite groups G such that Out c (G) = 1 are given by F. Szechtman [27] . He constructed a very concrete method to find such example. Interesting thing here is that his method produces examples in a variety of ways arising from different kind of Lie algebras, regular representations of finite fields and linear algebra. We would like to remark that his method produced examples of group having outer n-inner automorphims. An automorphism α of a group G is said to be n-inner, if given any subset S of G with cardinality less than n, there exists an inner automorphism of G agreeing with α on S. Notice that 2-inner automorphisms are class preserving.
The present survey intersects with Section 5 of a survey article by I. Malinowska [20] .
Our notation for objects associated with a finite multiplicative group G is mostly standard. The abelian group of all homomorphisms from an abelian group H to an abelian group K is denoted by Hom(H, K). To say that some H is a subset or a subgroup of G we write H ⊆ G or H ≤ G respectively. To indicate, in addition, that H is properly contained in G, we write H ⊂ G, H < G respectively. If x, y ∈ G, then x y denotes the conjugate element y −1 xy ∈ G and [x, y] denotes the commutator
Here [x, G] denotes the set of all [x, w], where w runs over every element of G. Since x w = x[x, w], for all w ∈ G, we have
The center of G will be denoted by Z(G). By γ 2 (G) we denote the commutator subgroup of a group G which is generated by all the commutators [x, y] in G.
Some defintions and basic results
We start with the concept of isoclinism of finite groups which was introduced by P. Hall [8] (also see [4, pg. 39-40] for details).
Let X be a finite group andX = X/ Z(X). Then commutation in X gives a well defined map a X :X ×X → γ 2 (X) such that a X (x Z(X), y Z(X)) = [x, y] for (x, y) ∈ X × X. Two finite groups G and H are called isoclinic if there exists an isomorphism φ of the factor groupḠ = G/ Z(G) ontoH = H/ Z(H), and an isomorphism θ of the subgroup γ 2 (G) onto γ 2 (H) such that the following diagram is commutativeḠ ×Ḡ
Notice that isoclinism is an equivalence relation among finite groups. Each isoclinism class has a subgroup G such that Z(G) ≤ γ 2 (G), which is called a stem group of the family.
Let G and H be two isoclinic groups. Then the nilpotency class of G is equal to the nilpotency class of H. Also the terms in the lower central series of G are isomorphic to the respective terms of the lower central series of H. More precisely, one can say that the commutator structure of G is similar to the commutator structure of H. The consequence of these simple results is the following theorem [33, Theorem 4.1], which essentially says that the group Aut c (G) is independent of the choice of the group G in its isoclinism class.
Theorem 2.1. Let G and H be two finite non-abelian isoclinic groups. Then
Since every isoclinism class has a stem group, we readily get the following result.
Corollary 2.2. It is sufficient to study Aut c (G) for all finite groups G such that
Let G be a finite group and N a non-trivial proper normal subgroup of G.
) is a Camina pair. A basic result for Camina p-groups, which is due to R. Dark and C. M. Scoppola [5] is the following. Theorem 2.4. If G is a purely non-abelian p-group, then Autcent(G) is also a p-group.
Out c (G) for finite p-groups
In this section we record several classes of finite p-groups G, for which it is decidable whether Out c (G) = 1 or not. For the convenience of the reader we divide this section in several parts.
(i) p-groups of small orders.
In this part we consider p-groups of small orders and mention results on classpreserving automorphisms of p-groups of order at most p 5 . Since Aut c (G) = Inn(G) for all abelian groups G, it is sufficient to consider the groups of order at least p 3 . For the proof of the following well known result, one can see [26, pg 69 ].
Proposition 3.1. Let G be an extraspecial p-group. Then Out c (G) = 1.
Since every non-abelian group of order p 3 is extraspecial, we get the following.
Corollary 3.2. Let G be a group of order p 3 . Then Out c (G) = 1.
We (jointly with L. R. Vermani) proved the following result in [17] . 
where R is defined as follows:
For p = 3 define a group H of order 3 5 by This theorem, along with the examples of Wall [30] , proves that 4 is the smallest value of an integer n such that all the groups of order less than or equal to p n has the property that Out c (G) = 1.
(ii) Groups with large cyclic subgroups.
In this part we study class preserving automorphisms of finite p-groups of order p n having cyclic subgroups of order p n−1 or p n−2 . The following result is Theorem 3.1 in [16] Theorem 3.9. Let G be a finite p-group having a maximal cyclic subgroup. Then Out c (G) = 1.
For odd primes p, we have a similar result for finite p-groups G having a cyclic subgroup of index p 2 [18] and [7] .
Theorem 3.10. Let G be a group of order p n having a cyclic subgroup of order p n−2 , where p is an odd prime. Then Out c (G) = 1.
But the situation is different for p = 2. Let us set
Then we get the following result [18] :
Theorem 3.11. Let G be a group of order 2 n , n > 4, such that G has a cyclic normal subgroup of order 2 n−2 , but does not have any element of order 2 n−1 . Then Out c (G) = 1 if and only if G is isomorphic to G 1 or G 2 . (iii) Groups of nilpotency class 2.
Let G be a finite nilpotent group of class 2. Let φ ∈ Aut c (G). Then the map
It is easily seen that the map φ → f φ is a monomorphism of the group Aut c (G) into Hom(G/Z(G), γ 2 (G)).
Any φ ∈ Aut c (G) sends any g ∈ G to some φ(g) ∈ g
On the other hand, if f ∈ Hom c (G/Z(G), γ 2 (G)), then the map sending any g ∈ G to gf (gZ(G)) is an automorphism φ ∈ Aut c (G) such that f φ = f . Thus we have Theorem 3.13. Let G be a finite p-group of class 2. Let {x 1 , x 2 , . . . , x d } be a minimal generating set for G such that
In particular, we get Corollary 3.14. Let G be a finite p-group of class 2 such that γ 2 (G) is cyclic. Then Out c (G) = 1.
(iv) Camina p-groups.
Notice that extraspecial p-groups are Camina groups and Out c (G) = 1 for every extraspecial p-group G. The following result, which is proved in [31, Theorem 5.4] , shows that these are the only Camina p-groups of class 2 for which Out c (G) = 1. 
Since (G, Z(G)) is a Camina pair for every Camina p-group G, we have the following immediate corollary: Corollary 3.17. Let G be a finite Camina p-group of nilpotency class 3 and
It is not diffucult to prove that Out c (G) = 1 for every Camina p-group of nilpotency class 3.
Results of Sah
In this section, we record a few results of C. H. Sah [25] . This paper contains lots of reduction techniques and nice results, but it is very difficult to mention all the results here. For the readers, who are interested in class preserving automorphisms of group, we strongly recommend this beautiful article. 8, [25] ). Let G be a nilpotent group of class c. Then Aut c (G) is a nilpotent group of class c − 1.
As an immediate consequence of this result one readily gets the following corollary. Since every finite group admits a composition series and the Schreier's conjecture, i.e., the group of outer automorphisms of a finite simple group is solvable, holds true for all finite simple groups, the following result is a consequence of the above theorem. Sah also constructed examples of finite groups G of order p 5n , n ≥ 3, such that Out c (G) is non-abelian. Thus, these examples contradict the intuitions of W. Burnside [2, Note B] that Out c (G) should be abelian for all finite groups G.
5. An upper bound for Aut c (G) for a finite p-group G In this section, we list results from [31] . Let G be a finite p-group of order p n . Let {x 1 , · · · , x d } be any minimal generating set for G. Let α ∈ Aut c (G). Since 5, [31] ). Let G be a non-trivial p-group having order p n . Then
, if n is even;
, if n is odd.
Since the bound in Theorem 5.4 is attained by all non-abelian groups of order p 3 (n odd) and the group constructed by W. Burnside (n even), it follows that the bound in the theorem is optimal.
In the next theorem we are going to classify all finite p-groups which attain the bound in Theorem 5.4. For the statement of the next result we need the following group of order p 6 , which is the group φ 21 (1 6 ) in the isoclinism family (21) of [15] :
where ν is the smallest positive integer which is a non-quadratic residue mod p and β 1 and β 2 are central elements. We would like to remark here that this is not a minimal presentation of the group G. But it is sufficient for our purpose.
The following theorem gives a classification of all finite p-groups G for which the upper bound in Theorem 5.4 is achieved by | Aut c (G)|. Recall that W is the group of order p 6 , defined in the second paragraph of the introduction. G is an extra-special p-group of order p 3 ; (5.8a)
G is a group of nilpotency class 3 and order p 4 ; (5.8b) G is a Camina special p-group isoclinic to the group W and |G| = p 6 ; (5.8c) G is isoclinic to R and |G| = p 6 . (5.8d)
Some problems
In this section, we formulate some research problems for finite p-groups, which certainly make sense for arbitrary finite groups.
We know that Out c (G) = 1 for all finite simple group [6] . But the proof uses classification of finite simple groups. We think that there should be a direct proof. Problem 6.1. Let G be a finite simple group. Without using classification of finite simple groups, prove that Out c (G) = 1. Problem 6.2. Let G be a finite p-group of nilpotency class 2. Find necessary and sufficient conditions on G such that Out c (G) = 1.
Let G be a finite p-group of nilpotency class 2. Then Aut c (G) ≤ Autcent(G). Problem 6.3. Classify all finite p-groups G of class 2 such that Autcent(G) = Aut c (G).
As we mentioned in the introduction that H. Heineken [9] constructed examples of finite p-groups G of nilpotency class 2 such that Aut(G) = Aut c (G). This gives rise to the following natural problem.
Problem 6.4. Classify all finite p-groups G of class 2 such that Aut(G) = Aut c (G).
The following problem arises from the work of Sah [25, pg 61] , which is also given in Malinowska's survey [20] as Question 12.
